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Abstract 

 In this paper, basic concepts of capillary wave motion are presented. Capillary wave on the 

surface of a canal is discussed. For this wave, when velocity potential is found, its energy is 

obtained. 
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 Introduction 

 A wave in a fluid is the continuous transfer of a state or form from one part of 

the fluid medium to another. A disturbance moves through the medium without any 

transference of medium itself. The dynamics of wave motion is very important. The wave 

possesses a characteristic property: the energy is propagated to distant points. The transmission 

of the energy of water waves benefits our lives. Hence, we examine the kinetic energy and 

potential energy for the capillary waves.  

 

The Condition of Capillary Waves 

           A capillary wave is a wave moving along the phase boundary of a fluid, dominated by 

the effects of surface tension. It occurs due to any moving disturbance. A combination of 

gravity and surface tension is here the restoring force.  An interface between two fluids 

performs as if it were in a state of uniform tension, called the surface tension. These two fluids 

do not mix. The surface tension depends on the nature of two fluids and on the temperature. 

 

 

     

  

   

  

                Figure 1 

 

 Let PQ   δs be an element of arc of a cross section of a cylindrical 

surface. The surface is formed by the interface between two fluids and T is its 
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surface tension. Let δp and δp′ denote the  pressure below  and   above the 

surface respectively and δθ the angle between two tangents at P and Q. 

 At P, resolving along the normal, we get  

 (δp)δscosδθ – (δp′)δscosδθ + Tsinδθ = 0, 

  (δp)δs – (δp′)δs + Tδθ = 0, since δθ is small, 

  δp − δp′ + T 
s




 = 0, 

  δp − δp′ +  
T

R
 = 0,                                                                  (1) 

where R is the radius of curvature. 

 Therefore, there is a discontinuity of pressure at an interface. Let η 

denotes the vertical displacement of the interface at a point x at any time t. 

Since the slope is small, the curvature is 
2

2x

 


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 That is, 
2
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 Therefore, (1) becomes 

                                         
2

2
p p ' T 0

x

 
   


.                                                         (2) 

Capillary Waves on a Canal of Uniform Depth 

            Let the progressive waves be on the surface of canal. It has parallel 

vertical walls and its uniform depth is h. And let X-axis and Y-axis to be 

horizontal and vertically upwards respectively. We have the velocity potential 

                                                        Dcosh m(y h)cosmx   ,  

where m is the wave number and D the constant . 

             Let the progressive waves travel with velocity c along the positive 

direction of X-axis. It is supposed that their shape do not change. By 

superposing a velocity c  on the whole liquid, we reduce the motion as steady 

motion. Then the velocity potential is obtained.  

                                                         cx Dcosh m(y h)cosmx                    (3) 

and   stream function              

                                                        cy Dsinh m(y h)sin mx    .     (4) 
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  Let the free surface be  asin mx . Then (4) will produce this free 

surface when the streamline is zero. When 0   , (4) becomes 

                                    caD sinh mh 0,                                               (5) 

when squares of small quantities are neglected. 

 Suppose that two fluids be air and liquid and the air pressure above  the 

interface be constant. Then,   δp′ = 0 and (2) becomes 

 
2

2
T p 0.

x

 
  


                                                                                       (6) 

           But,      asin mx .                                          (7) 

Differentiating (7) with respect to x and substituting in (6), we get  

  2p Tam sin mx  .                (8) 

          Now the pressure is given by Bernoulli’s equation,              

22
p 1

gy constant
2 x y

    
      

      

.                                                           (9) 

At the free surface y asin mx , using (3), (5) and neglecting 2a , (9) becomes  

 2p 1
ga sin mx c (1 2ma coth mhsin mx)

2


   


constant.      (10 ) 

Substituting (8) in (10), we get  

 
2

2Tam
ga c ma coth mh sin mx

 
   

 
constant. 

Equating the coefficient of sin mx to be zero, we obtain 

  
2

2Tm
g c mcoth mh 0,  


 

   

2 Tm g
c tanh mh.

m

 
  

 
 

The Energy of Capillary Waves 

Kinetic energy of capillary waves on a canal of uniform depth 

   The velocity potential of capillary waves on a canal of uniform depth is 

given by 

   cx Dcosh m(y h)cosmx    . 
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For these waves, the kinetic energy (K.E.) is defined by  

                   

y 00

1
K.E. dx

2 y





 
   

 
 , where λ is wave length. 

Here, 

y 0
y



 
 
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   (Dmsinh mhcosmx)(cx Dcosh mhcosmx)  

                 2 2 2 2c amx cosmx c a mcoth mh cos mx,  

                                                                                      since ca   D sinh mh. 

 Then, K.E 2 2 2 2

0

1
(c amx cos mx c a mcoth mh cos x)dx

2



   ,   

 Since 
2 Tm g

c tanh mh
m

 
  

 
,  we obtain  

2 2

0 0

Tm g 1
K.E. a m cosmx tanh mhdx cos mx coth mh tanh mhdx .

m 2
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Therefore,   

 K.E.  2 2

0 0

Tm g 1
a m cosmx tanh mhdx cos mxdx

m 2

   
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             2

0 0
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a m tanh mh x

m 2 m 2 2m
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             2Tm g 1 sin m 1 sin 2m
a m tanh mh sin 0

m 2 m 2 2m
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2 21

(Tm g)a
4

   .                                                                      

                                                                                                                                                                                

Potential energy of capillary waves on a canal of uniform depth 

 The potential energy of capillary waves on a canal of uniform depth associated with the 

gravity is given by  

  V 2

0

1
g dx

2



 
 



334                                                                       University of Mandalay, Research Journal Vol.11, 2020                        

    2 2

0

1
ga sin mxdx,

2



  since η a sin mx

 

    2

0

1 1
ga 1 cos 2mx dx

2 2



    

   2

0

1 sin 2mx
ga x

4 2m


 

   
 

 

   
21 sin 2m
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4 2m

 
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2
sin 2m

1 mV ga
4 2m

 
 

    
 
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21

ga
4

   . 

The potential energy of capillary waves on a canal of uniform depth associated 

with the surface tension , stV  can be expressed as  

 

1
2 2

st

0

V T 1 1 dx
x
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0
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2
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2 21

Ta m .
4

   

Therefore, the total potential energy is
2 21

(Tm g)a .
4

   

So, total energy per wavelength   
2 21

(Tm g)a
2

  . 

  Conclusion 

 It is concluded that the total potential energy of capillary waves is the energy 

associated with the gravity and surface tension. It is observed that amounts of kinetic 

and potential energy of capillary waves are equal.  

 

Acknowledgements 

 The authours would like to express their gratitude to Dr Thein Win, Rector, University of 

Mandalay, for his kind permission to write this paper.  We are also grateful to Professor Dr Khin Myo 

Aye, Head of Department of Mathematics, University of Mandalay for her comments and kind 

encouragement.  

 

References 

Milne-Thomson, L. M. (1968), “Theoretical Hydrodynamics”, Third Edition, Macmillan &  Co. Ltd., London. 

Raisinghainia,  M. D. (2010),  “Fluid Dynamics”,  Ninth Edition,  S.  Chand  &  Company  Ltd., New Delhi. 

Raphael, E., “Several Interesting Characters of Capillary-Gravity Wave”, MIT,    Mathematics: math.mit.edu > 

18376-Term-Paper-Fan.pdf. 


